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Modern Control System Representation

dx(t)

= Aa:(t) + bu(t)

State equation

Output equation y(t) = cz(t)

Linear system

A system matrix

b : input matrix

dz(t)
dat ) c : output matrix

y(t) = g(z(?), u(t))

x(t) : state vector

u(t) : input vector

Nonlinear system

y(t) : output vector
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* Review of Previous Lecture

* Design of Lyapunov Functions for Stability
Linear Matrix Inequality (LMI)

* Design of Lyapunov Functions for Stabilization
Bilinear Matrix Inequality (BMI)

Lyapunov Stability Definitions (1)

Time-invarianﬁtonomous (no control) system

= f(x), =(0)=xo, f:Lipschitz C.

Equilibrium point . <= f(xz.) =0 \
Suppose f(0) =0 =z, =0 '

(1) The equilibrium z., = 0 is stable in the sense of Lyapunov, if

Ve > 0,30 > 0,s.t. ||zo|| <0 = ||z(t)]| <e€,VE>0




Lyapunov Stability Definitions (2)

(2) The equi]i%ium z. = 0 is asymptotically stable, if
it is stable, an St e o= lim x(t) = 0
t—60

Lyapunov Stable (LS)

1]

Aymptotically Stable (AS)

Exponentially Stable (ES)
(3) The equilibrium z, = 0 is exponentially stable, if

35 > 0,c >0, > 0s.t. ||2(t)| < c||zolle ™ ,V||zo|| <8

Lyapunov Stability Theorem

/If there is iV(a:) such that ,\
i e

V(0)=0and V() >0,V # 0

V@ <o, ve — R

then x., = 0 is stable (in the sense of Lyapunov)

Moreover, if

e <0, ven o

Kthen x. = 0 is asymptotically stable /

V(zx) is called a Lyapunov function (candidate)

Lyapunov Stability Definitions (3)

ol

<& Fuiction

Asymptotically
stable

Unstable

Stable in the sense
of Lyapunov

Stability of Nonlinear Systems (1)

T - + 2a2 : \S
[m'zl_ =Tt — T3 = ﬁ)\
Va(e(t) = #2(0) + 203(1) — Wy =
=

%‘/3 = % {mf + 2:8%} = 2x131 + 4x222 125 = //j

= 2z1 (—x1 + 222) + 4z2(—2122 — T2) oo zol oo

- =2 = = =R U e 2 L Aymptotically Stable (AS)

\ A

Jlim Va(2(t)) = 0 <= lim 2(t) =0, Va(0)




Stability of Nonlinear Systems (2)

1 :].31 Lo
! 2 s 2 LUK %:cz
—/
0
m

Pendulum with friction (k > 0)

3r \ &i
J = moment of inertia j \BBX
k = friction coefficient =
\ | Q ’

.

Design of Lyapunov Functions for Stability (1)

NO almighty mﬁod for general nonlinear systems
el T e

YES when the systems are linear &(t) = Ax(t)

Z2

Jé(t) = —kO(t) — mglsin 6(t)

:131:0, 122:0 3

2 |
Z1

Consider V(z) = 2Pz, P >0

(P symmetric positive definite <= V (x) positive definite)

&' Px + 2T P&
= (Az)TPx + 2T P(Ax)
=T (ATP + PA) g%
(V(:I:) negative definite <= ATP 4 PA symmetric negative deﬁnite)

= V()

Aymptotically Stable (AS) <= ATP 4+ PA <0, P >0

Stability of Nonlinear Systems (3)

e

ALl %mz
potential energy

=T

1
V(x) = mgl(l — cos 1) + Eng !

l kinetic energy 1
0

aV = (mglsinz,)@, + Jxodo

. mgl | k
= (mglsinzy)xe + Jxz2 | — 7 sinT; — —x2

J
=—kz3 <0, Vz ,

Stable in the sense of Lyapunov
(actually can claim AS ...)

Design of Lyapunov Functions for Stability (2)

Kl‘he linear sysim &(t) = AW_S) iff \

(1) All real parts of A’s eigenvalues are negative

(2) VQ > 0,3P >0 s.t. ATP+ PA=—Q

(3) 3P >0 st. ATP+PA<O \_
@350 s ax e xar <o ()

Lyapunov equations and LMIs can
be solved efficiently with MATLAB




Definition and Properties of LMI (1)

Notations ﬁ 5
T e g
P > 0] &> P = PT HOiL“X.e definite
P <0 < P=P negative definite

LMI formulation (in scalar variables)
Fle)=Fo+x1F1 +---+z,F, <0
=[x, -, xn]T, F;j= FZT
LMI is convex
F(z) <0, F(y)<0=—
F(Ax+(1-XNy) <0, YA€ |[0,1]
LMI can be simultaneous

Fi(z) <0, Fy(z) <0< [ Fi(z) 0

0
0 B |

Definition and Properties of LMI (3)

Properties of poﬁ.'\re (negative) definite matrices
" S Wi =3 . B 2k T B e S

P<0 <= VAP)<O
P>0 <<= WI'PW >0 (|]W|#0)
P<0 <— WIPW <0 (|]W|#0)

Schur Complement
Py Py T p—1
PT P, >0 < P >0 & P;—P, P, "P,>0

< P;3>0 & P, —P,P'PI'>0

Definition and Properties of LMI (2)

LMI in matrix v?ﬁame
o — e, W e g

P>0, ATP-|—PA<0

1 0 01 00
1 T2 -
P=[Q32 033] P—ﬂ31l001+x2[10]+x3l01]

E]_ E2 E3

i

P >0<— Fl(a:) = IB1(—E1) + :Ez(—Ez) + IB3(—E3) <0

ATP + PA <0<
FZ(ZB) = a:l(ATEl + ElA) + xg(ATEg + EzA) + 1133(ATE3 + E3A) < 0

Definition and Properties of LMI (4)

LMI: linear w.f#; (matrix or scalar) variables
Ali'ﬂ-ﬂA-<-o “NEATATX. < 0

[ATP-|—PA YB ]
<0

BLy=L —7I

Not LMI but equivalent to LMI

P2> ] «— i >0 P2 <] «— o >0
I P P I
ATP+ PA+ PDDTP+ETE <O
ATP + PA+ ETE PD
(=) . <0
DTp -1




Solving LMIs in Robust Control Toolbox

ﬁP>0, ATP+PA <O

e Y e

A=[0 1; -2 =31 { G ]
s

setImis([]) B ——

p=Imivar (1, [2 1]);

Imiterm([1 1 1 pl,1,A,"s"); ATP+PA 0 -

Imiterm([1 2 2 p],-1,1); 0 _P

Imis=getImis;
[tmin, xfeas]=feasp (Imis)

if (tmin<0)
P=dec2mat (Imis, xfeas, p)

_ 1.5143 0.2958
end

| 0.2958 0.3484

Extension to Stability with Convergence Rate

/l‘he lineg__l:_ysim () = Az(t) \

lz@®)]l < cllz(0)]] e™ (u>0) <+

(1) All real parts of A’s eigenvalues < —p < 0

(2)VQ > 0,3P >0 s.t. (A+ul)™TP+PA+pul) =—-Q
(3)IP >0 s.t. ATP+ PA < —2uP

(4) 3X >0 st. AX+XAT <« —2uX

Extension to Robust Stability (1)

ﬂ he uncertamiéinear system \

e e SO el i1

is AS for any 4 if

dP >0 sit. ATP+ PA, <0, ATP+PA, <O

L]

QX >0 st. XAT + A4, X <0, XAT +A,X < OJ

\_ )

Extension to Robust Stability (2)

ﬁle uncertainllinear system \
i (2) j;’f + DF@EY®Y, 1P| <1

is AS for any F(t) if
dP >0 s.t. (A+ DF(t)E)TP + P(A+ DF(t)E) <0

{

ATP + PA+PDDTP+ETE <0

{

[ ATP + PA+ ETE PD

0
DTp —I]</

L




Design of Lyapunov Functions for Stabilization

Consider state'ﬁ.ﬁ:‘dback for linear control system
s Urziiie
u(t) = Kx(t)
Closed-loop system
z(t) = (A+ BK)x(t)
Closed-loop system is AS iff
3P >0 s.t. (A+ BK)TP+P(A+ BK) <0

BMI with respect to P, K due to PBK
can not be solved with MATLAB

Extension to Robust Stabilization (1)

State feedback‘ﬁﬂt!h: uncertain linear control system
F(E) =A%) + Bu(ty, “u(ty =Kz (t)
A=XA1+(1—-ANAz, A€ [0,1]
Control specification

lz(@)]l < ellz(0)]] e™#* (1 >0) VA€ [0,1]

Closed-loop system
z(t) = (A+ BK)xz(t)

A+ BK = AA;+(1-MA;+BK
= XA+ BK) + (1 - X)(A2 + BK)

Design of Lyapunov Functions for Stabilization

Closed-loop syﬁ:(
— i(t) = (A + BEK)x(t).. .

Closed-loop system is AS iff

X >0 s.t. (A+BK)X +X(A+ BK)T <0

ﬁKX:M

3X >0,M s.t. A X +BM+ (AX + BM)T <0
LMI with respect to X, M

!

K=MXx"1

Extension to Robust Stabilization (2)

Closed-loop sy$téi
#(t) = (A + BK)z(t)
e . SN ey
A+ BK = A(A1 + BK) + (1 — A\)(Az + BK)
isAS and ||z(¢)|| < c||z(0)]| e™** (u>0) VA€ [0,1] if

L]

31X >0 st. X(A;+BK)T 4+ (A; +BK)X < —2uX
X(A2 + BK)T + (A2 + BK)X < —2uX

@KX:M

A1 X +BM + (A1 X + BM)T +2uX <0
A X +BM + (A3 X + BM)T +2uX <0

LMIs




Robust Stabilization for MDK Systems (1) Robust Stabilization for MDK Systems (2)

MDK (mass-s g-damper) system Control Speci@n ‘; e
e 5?”—(2)«;- oy PSR —— = .
4 _D s le(@)]| < cllz(0)]| e (p=3) VK € [2,3]
24| = £(t) Mass M =
R s dorl b e e el e 0 1
éw - - Damper D =3 = + = ’ ’
I A=2A; +(1—NA;
0 1 0 1
A = A =
i {‘Tl(t)} e OK 1D |:m1(t)} 95 cl) u(t) ! |: -2 -3 ] ’ " l R0 ]
dt |z2(t) M M x2(t) =r @

0 1} B—[O] 0 A1 X + BM + (A1 X + BM)T +2uX <0
’ == Ay X + BM + (AsX + BM)T +2uX < 0

Robust Stabilization for MDK Systems (3) Robust Stabilization for MDK Systems (4)
A1:[O 1: =2 _3] : ‘;'é:[o 1 = _3] : BObust Control Toolbox !
B=[0;11; mu=3; _ in MATLAB \ P——
setimis([]) o5
x=Imivar (1, [2 1]); Imisl=getImis; g " Control Input
m=Imivar (2, [1 2]); [tmin, xfeas]=feasp (Imis1) S .
Imiterm([1 1 1 x], Al+muxeye(2),1,'s"); if (tmin<0) v =
Imiterm([1 1 1 m],B,1,"s"); X=dec2mat (Imis1, xfeas, x) ot |
Imiterm([1 2 2 x], A2+muxeye (2), 1, s"); M=dec2mat (Imis1, xfeas, m) ‘ = . | f
Imiterm([1 2 2 m],B, 1,"s"); K=M=inv (X) £ - ]
Imiterm([1 3 3 x],-1,1); end State Convergence
\ 0.0410 —0.1873 M = | —675.4848 —669.1301 |
X =107 %

—0.1873 1.3530 K = [ —51.0492 —7.5620 ] % o5 s 2




Conclusio?. E

* Review of Lyapunov stability in modern control systems

" -rﬁ,h.-.-ﬁ.‘-.-g._

* Definition of LMIs and properties
» LMIs for stability analysis of linear systems

» LMIs for stabilization of linear systems

* More Topics:
Controller design with structure specification/limitation
Extension to LaSalle’s Invariance Principle, etc

End

terima kasih banyak

Thank you for your kind attention!
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Additional 5 eferences

* Linearized nonlihear systems
()= — (1) zfﬂf-v) z+ O(z?)
Ox lz=0
* Time-variant systems

(t) = A(t)z(t)

* Uncertain systems (norm-bounded or polytopic)
£(t) = (A + AA(L, ) z(t)

N N
&(t) = (Z Hz‘Az‘) x(t), p; >0, Z.U'i =1

* Stochastic control systems

dz(t) = [Az(t) + Bu(t)] dt + Hx(t) dw(t)




