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Outline

• Modern Control Systems

• Lyapunov Stability Theory 

• Design of Lyapunov Functions

Modern Control Systems

What is Control?

Speed (distance) control 
via accelerator and brake

Your car
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Example 1: MDK (mass-spring-damper) systemp ) y

Motion equation

to adjust displacement of mass Output        
Choose control input

Control the system 

      

Dynamic System

to adjust velocity of mass Output              

Dynamic System
Motion equation of MDK system

State space representation (equation)

system matrix
input matrix
output matrix

State equation

Output equation

Dynamic System

state (variable) vector



Example 2: LCR circuit

Control (regulate) the system 

Dynamic System

Voltage equation

to adjust the voltage on C Output        
Choose control input

Dynamic System
Voltage equation of LCR circuit

State space representation (linear system)

state (variable) vector

system matrix
input matrix
output matrix

State equation

Output equation

Dynamic System

Example 3: 
Inverted pendulum on a cart

Dynamic System

Motion equation

to adjust angle of pendulum  (Output                   
Choose control input

                 



Dynamic System

State space representation (nonlinear system)

State equation

Output equation

Dynamic System

state (variable) vector

Lyapunov Stability Theory

Lyapunov Lyapun
(1857
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5757-

nov npun
77--1918)

Stability of Linear Systems

The real parts of eigenvalues of A are all negative

Aymptotically Stable (e (AS)  if and only if



Stability of Linear Systems

Aymptotically Stable (e (AS)

Stability of Linear Systems

How to check this limit for any initial value?

Stability of Linear Systems

works well for some systems

Stability of Linear Systems

NOT work well for some other systems



Stability of Linear Systems

Lyapunov Stability Definitions
Time-invariant autonomous (no control) system

Equilibrium point 

Lyapunov Stability Definitions

Aymptoticallyy Stable (e (ASSA )

Exponentially Stable (e (ESSES)

Lyapunov Stable (e (LSSLS)

Lyapunov Stability Definitions

Stable in the sense 
of Lyapunov

Friction

Unstable Asymptotically  
stable



Coffee Break

Lyapunov Stability Theorem

negative definite

positive definite

nonpositive definite

Stability of Nonlinear Systems

Aymptoticallyy Stable (e (ASASA )

Conclusion & References

• Representation of modern control systems

• Definition of various system stability 

• Basic Lyapunov stability theory

•• Next Lecture: 
Further analysis and design of Lyapunov Theory
Extension to LaSalle’s Invariance Principle, etc

Hassan K. Khalil: Nonlinear Systems. Prentice-Hall, New Jersey, 1996. 


