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Modern Control Systems
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* Lyapunov Stability Theory

* Design of Lyapunov Functions

What is Control?
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Speed (distance) control
via accelerator and brake




Feedback Control System
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Dynamic System

® Example 1 ﬁz( (mass-spring-damper) system
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Mij(t) + Dy(t) + Ky(t) = f(t) fm\o ®
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:owy(t)
. e I T :
Motion equation

® Choose control input f(t) = u(t)

to adjust displacement of mass ( Output »(%))
to adjust velocity of mass (Output 9(t))

Control the system

® Motion eq@ition of MDK system
Mij(t) + Dy(®) + Ky(t) = 7tt)
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{ d’ﬁl(t) = wz(t)
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y(t) = x4 (t) Y(t) = za(t), 22(t) = &1(t) = ()
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Dynamic System

State spdcCe representation (equation)
il I T r\-rq_ﬁql-l..:

dx(t)
dt

= Ax(t) + bu(t)

State equation

Output equation y(t) = cx(t)

x1(t)

=(t) = [ x2(t)

] . state (variable) vector
A system matrix

b : input matrix

c : output matrix




Dynamic System

® Example 2.ﬁiR circuit s
o i

v;(1)
Voltage equation

Li(t) + Ri(t) + é /0 i(T)dT = vi(t)

#® Choose control input wv;(t) = u(t)
to adjust the voltage on C  (Output u(%))

Control (regulate) the system

Dynamic System

® Voltage equdtion of LCR circuit

Li(t) + Ri(t) + = /0 i.(ET).dTi — (1)
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Dynamic System

State sp% representation (linear system)
R T

do(t
State equation di ) = Az(t) + bu(t)
Output equation y(t) = cx(t)

x(t) * state (variable) vector

A system matrix
b : input matrix
c : output matrix

Dynamic System
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Motion equation

(M + m)i — ml sin 062 + ml cos 06 = u

® Choose control input f(t) = u(t)

to adjust angle of pendulum (Output y(t) = 6(t))




Dynamic System

. u#mlsin 00 — mg cos 0'sin 6

T T A M+m—mcos?f___

wcos @ — (M +m)gsin 8 + mi cos 0 sin 062
mlcos? 6 — (M + m)l

0 =

u+ misinzix22 — mg cosxy sinxg
M +m — mcos? xy

\ 2, =

¢ 1 = T2
_ucosxy — (M +m)gsina; +ml cosx; Sin 175>
¢ o mlcos? x1 — (M + m)l
T3 = T4
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Lyapunov Stability Theory

Lyapunov
(1857-1918)

Dynamic System

.
State sp%ci% representation (nonlinear system)

el e
State equation dz(tt) = f(x(t), u(t))
Output equation y(t) = g(x(t), u(t))
x1 (1)
x(t) = Zzgg . state (variable) vector
z4()

Stability of Linear Systems

(0 = 42l0)... -

e** . combination of e
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Aymptotically Stable (AS) if and only if
lim x=(t) =0, Vax(0)

t— oo

[ The real parts of eigenvalues of A are all negative J




Stability of Linear Systems
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[ #(t) = Ax(t) Aymptotically Stable (AS) J

s | ma@® =0, va(0) |

t—oco
z2(t)

z(t) =

L zn(t)
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Jim [a3(t) +o3(0) + - +o20] =0 |
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—‘/'1 = a {ZB? =+ :Bg} = 2$1$1 + 22132:132

Stability of Linear Systems
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tll}ngo %Vl(sc(t)) <0, Vt,Va(t)#0 }

works well for some systems

= eael ]

d
dt

= 2331(—2331 -+ .’1}2) + 2:132(—331 — 3:132)

= —4x? — 622 <0, Vz#0

Stability of Linear Systems
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How to check this limit for any initial value?
lim [23(¢) +23() + - + 2% ()] = 0
Vi(z(t))

]

[ 1tli}m %Vl(a:(t)) <0, Vt,Vax(t)#0 ]

Stability of Linear Systems

d e
lim —Vi(x(t)) <0, Vt,Vx(t)#0
t—oo (i

NOT work well for some other systems
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d d
aVl = E {mf + wg} = 2:1315%1 + 2:132i2

= 21:1(—331 + 100332) + 2332(—101:1 == wz)

= —2:1:? + 1801z — 2:::3 ?

20, VYz#0 g




Stability of Linear Systems
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Vi(x(t)) = @ (t) + 23(t) = Va(z(t)) = 27 (t) + 1023 (t)

d

‘/2 == i {2132 -|— 10:132} = 2331:1.31 -|— 20:1:21i32
dt e 2

= 2w1(—w1 -|— 100:132) -|— 20:132(—101'1 == 332)

‘S‘%

= —2:0? — 20m§< 0, Vz#0

Jlim Va(@(t)) = 0 <= lim x(t) =0, Va(0)

Lyapunov Stability Definitions

Time-invarianf{q?tonomous (no control) system

= f(x), =(0)=xo, f:Lipschitz C.
Equilibrium point . <= f(x.) =0 \
Suppose f(0) =0 = z. = 0 ‘

(1) The equilibrium x. = 0 is stable in the sense of Lyapunov, if

Ve > 0,30 > 0,s.t. ||zo]| <0 = ||z(t)|| <e,VE>0

Lyapunov Stability Definitions

s E
(2) The equili?:;‘um z. = 0 is asymptotically stable, if
it is stable, and 30 > 0,s.t. [[2o] <0 = tlirn z(t) =0
— o0

Lyapunov Stable (LS)

B\ :

Exponentially Stable (ES)

(3) The equilibrium z, = 0 is exponentially stable, if
36 > 0,¢ >0,A > 0 s.t. |2(1)] < c||zol|le™ ,V||zo| < 8

Lyapunov Stability Definitions
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<&@ Friction

Asymptotically
stable

Unstable

Stable in the sense
of Lyapunoy.




Coffee Break
z=x(l —x xz(0) = 0.01, 0.5, 0.9, 2.0
? '(i ), 2(0) = 0.01,0.5,0.9,
response
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x(1)
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Lyapunov Stability Theorem

/If there is iV(a:) such that ,
e

V(0) =0and V(z) >0,V #0

Ve <o, ve (R

then x., = 0 is stable (in the sense of Lyapunov)

Moreover, if
vz o s

V(z) <0,

Kthen x. = 0 is asymptotically stable

/

Stability of Nonlinear Systems
[ &1 ] - + 222

Va(a(t)) = =7(t) + 2;(%)

d d
a 3 = E {mf + 2:13%} = 2:121£i31 + 4:132:%2
= 2z (—x1 + 222) + 4za(—z122 — T2)

Ve #0

Aymptotically Stable (AS)

= —me — 4:1:3 = —2V3< 0,

Jlim Va(2(t)) = 0 <= lim 2(t) =0, Va(0)

ConclusioE & References
* Repres i control-systems
* Definition of various system stability

* Basic Lyapunov stability theory

* Next Lecture:
Further analysis and design of Lyapunov Theory

Extension to LaSalle’s Invariance Principle, etc

Hassan K. Khalil: Nonlinear Systems. Prentice-Hall, New Jersey, 1996

V(zx) is called a Lyapunov function (candidate)




